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�HGJIKIML(NPOPQSRUTVQXW�Y[ZS\^]CI8L_RJOPQC`4YC`J\^ab\^NcTed!\bfgNPOP\^`Jh!Ni\^QSLj\^fkI;YXfgTjNPQml8QSn6RJh!NPICoe�HGJIpOiY&NiIrq
dJ\^fgNiQCOgNi\^QSLpWFhJLJlMNP\bQSLsQCW)YtdJ\^fgNPOP\b`!h!Ni\^QSLvu
\wNiG[OgI8fgR$IMlMNxNPQKYydJ\^fgNPQSOgNP\bQSLznyI8YCfPhJOgI{\^f)|ghJf}N
dJIr~4LJI8dyYCf�NiG!IH\bL!~4n{hJn�]XYCa^hJI�QCW1Y�ny\^LJ\bn6\b�8YXNi\^QSL�RJOPQS`!abI8nvoB�HGJI
ny\^LJ\bn6\b�8YXNi\^QSL�RJOPQS`�q
abIMn�WFQSO}NihJLJYXNiIMa^T�IML&|gQ�T�f�LJ\^l8IxWFI8YXNihJOgI8fMo���N
\^fHfgN,Y&NiI8dv\bLKNPGJI�WFQSaba^QEu
\^LJZ{u�Y;T$�

inf
QY |x

EQx

[
D
(
QY |X‖EQx

[
QY |X

])] u
GJIMOPI
EQx

[
EQY |X

[ρ(X, Y )]
]
≤ � ,

QSOHIM��h!\^]XYCabIMLUNia^TyNiQ
inf

QY |x

I
(
QX ; QY |x

) u
GJIMOPI
EQx

[
EQY |X

[ρ(X, Y )]
]
≤ � .

��NHfgGJQShJa^d�`$I�R$QS\^LUNiI8dtQSh!N�NPG4YXN�NiGJIxfgIMNHQXW�R$QSfgfP\^`JabI�]CYXabhJIMf�QCW
QY |x

ntY;Ty`$I�\bdJIML(NP\^~4IMd
u
\^NPG�YjlMQSnyRJYClMN�YCLJd�lMQSLU]SIr��fPhJ`!fPR4YClMImQCW

R|Y|×|X |. � L�NPGJI[G4YCL!d>�Hu�I[GJY�]CImfPIMI8LNiGJYXN�NPGJI�WFhJLJlMNP\bQSLJYCa
QY |x 7→ I

(
QX ; QY |x

) \^f�lMQSLU]SIr�$oz��IMLJl8I6NiGJI6l8QSn6RJh!NiYXNi\^QSLeQCW
NiG!I�OiYXNPIrqcd!\bfgNPQSOgNP\bQSL6WFhJLJlrNi\bQCL�\bfHYkfgR$IMl8\bYCa1l8YCfPI�QCW@YklMa�YCfgfP\bl8YCa.RJOPQS`!abI8nv��n6\bLJ\^ny\^�8\^LJZ�Y
l8QCL(]CIr�vWFhJLJlrNi\^QSLpQE]CI8O�Y�l8QSLU]SI��zYCLJdvl8QSn6R4YClrN
dJQSnyYC\bL1o
�cLmQSOgdJI8O�NiQ�fgQSa^]CI�YCRJRJOgQ;�!\^ntY&NiI8awTKNiGJ\^f�RJOgQS`Ja^I8nv��u�Iku
\ba^a�RJOPQ�l8IMI8dm\bLvNcu�QKf}NiIMRJf8o���I
u
\ba^a4~4OPf}N
RJh!N�NPGJIxn6QSnyIMLUN�l8QCLJfgNPOiYC\^L(N�\bLKYkn6QSOgI�NiOPYClMNiYC`Ja^I�WFQSOgn�`UTtOPI8fgQSOgNP\bLJZ�NiQkNiG!I
� YCZSOPYCLJZS\bYCL�WFQSOgntYXab\bfgnzo>��I�u
\^aba(RJOPQ�]CI�NiG4YXN�NiGJI � YCZCOiYCZS\bYCL{fPYXNi\^fg~4IMf)Y�fgNPOPQSL!Z�dJh4YCa^\^NcT
RJOgQSR$IMOgNcTCo��HGJ\bf�dJh4YXab\^NcTyu
\ba^a YCaba^Q�u¡hJf
NiQ6WFQ�lMhJf
QSL[Y�l8QCL(]CIr�zWFhJLJlrNi\bQCLzdJIr~4LJIMd[QSLzYCL
I;YXfP\bawTtd!I8fPlMOP\^`$IMdzlMQSnyRJYClMN
YXLJdpl8QSLU]SI��vdJQSnyYC\bL1o��HGJI�ny\^LJ\bn6\b�8YXNi\^QSL�QCW�NiGJ\^f�WFhJLJlrNi\bQCL
u
\ba^a1`.I�l;YCOgOP\bIMdpQSh!N
hJfg\bLJZyYCLvYCa^NPI8OgL4YXNi\w]SI�n6\bLJ\^ny\^�;YXNP\bQSL�RJOgQ�lMI8dJh!OPICo

/$0b¢>0t£v?�¤4¥3DF9�¦V§¨<.:&©e?B¥3¤Jª

�HGJI � YCZSOPYCLJZS\bYCLK\bfHdJIr~4LJIMds`UT
L(QY |x; λ) = I

(
QX ; QY |x

)
+ λ

(
EQX

[
EQY |x

[ρ(X, Y )]
]
− �

)

WFQSO
YCLUTKlMQSLJdJ\wNi\^QSL4YCa$RJOPQS`JYC`J\ba^\^NcTydJ\bf}NiOg\b`Jh!NP\bQSL
QY |x

YCLJdpLJQCL�qcLJIMZUYXNP\^]SI�nkh!a^Ni\^RJab\^I8O
λ.«
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QX á ßrâ1ã&àcß�äCâ4å�æ.çiãCè,äUè8éÚê®éÚà³å�ã&â X ,
êbßrà1àÚë4ß á ébìràcã&ç�à³é¨ã&â ρ,

äCâ á àÚë4ß�Þ>ä�íCçgäCâ�íCé3äCâèrß á ßFî)â1ß á ä&ì{äUèrã&ïCß�àFë4ßrâð
(D) = sup

λ≥0
min
QY |x

L(QY |x; λ) = min
QY |x

sup
λ≥0

L(QY |x; λ) .

ñ�Ã.ÆxÓ@Å�ò 
�oÈÇ�oóÇJÊ)�HGJ\bf�dJh4YCa^\^NcTKWFQSOgnkhJa�Y�lMQShJabds`$I�dJI8Og\^]SIMd[`UTsOgI8fgQSOgNP\bLJZ6NiQ�YyZSI8LJIMOiYCa
n6\bL�q�ntY&�ô�HGJI8QCOPI8n fPhJl,G×YXfKõ�\^QSL�öz\^L�q}özY&�÷�HGJI8QSOgI8n ø³YCa^OPI8YCd!TùhJfPIMd�NiQ�l8QSn6R4YCOgI
n6\bLJ\^ntY&��YCLJdvnyY&��\bn6\bLKOPIMdJhJLJdJYCLJlMTv\^LzhJL!\^]SIMOPfPYCa�l8Q�dJ\bLJZUúro��cLzNiG!I�RJOgI8fgI8LUNxlMQSLUNiIr��N8�
YCd_GJQ�lvYCOPZSh!nyIML(NPf6YCaba^QEu�YmdJ\^OPI8lrN�RJOPQ�QCW�QCW�NiGJIpfgNPOPQSL!Z�dJhJYCab\wNcTS�)nyQCOPI8Q�]CI8O6YCd_GJQ�l
YCOgZShJn6I8LUNifHNiIMaba>h!f�fgQSn6IMNiG!\bLJZ�YC`.QSh!NHNPGJI�abQ�l;YXNP\bQSLtQCW@NPGJI�fiYCd!dJabIMR$QS\^LUN;o
�HGJI�WFQSOgnkhJabYXNi\^QSL�û

(D) = supλ≥0 minQY |x
L(QY |x; λ)

\bf�l8QSn6RJh!NiYXNi\^QSL4YCa^a^T�YCR!R$I8YCab\^LJZJ�
fP\^LJl8I6WFQSO½I;YCl,G

λ ≥ 0,
u�I

minQY |x
L(QY |x; λ)

\^f�L!QEuüd!IM~4LJIMd_YCfkYXLj\bL�~4nkhJnýQ�]SIMO
YCa^a�lMQSLJdJ\wNi\bQCL4YCa�RJOPQS`JYC`J\ba^\^NP\bI8fMo[��f�fghJl,G_\^N�nyY;TjfgI8IMnþI;YCfg\bIMO{NiQmlMQSnyR!h!NiItNPG4YCLVNiG!I
OiY&NiIrq�dJ\bf}NiQSO}Ni\^QSLtWFhJLJlrNi\^QSLp\^NifgI8awW�o)õ�I8lMQSLJd>��\wWBNPGJI�\bL!~JnkhJnÿQXW

G(λ)
∆
= I

(
QX ; QY |x

)
+ λ

(
EQX

[
EQY |x

[ρ(X, Y )]
])

l;YXLK`$IxlMQSn6RJh!NiIMd�WFQSO�Ir]SIMOgT
λ,
NPGJI8LKNPGJIxfPh!RJOPIMnkhJnÿQXW

G(λ)− λ � ,
l8YCLK`$I�fPI;YXOPl,GJIMd

I��6lM\bI8LUNPa^TSo
��Å1Ä�Ä�Ø Ê � IrN
hJf�~JOPfgN�l,GJIMl���NiG4Y&N

û
(D) = min

QY |x

sup
λ>0

L(QY |x; λ)

��W�û
( � ) = ∞

øFNPGJ\bfHnyY;TKQSLJawT�Q�l8lMhJOH\^W
X
\^fH\bL!~JLJ\^NPI�úr��u�I½YCOgI½d!QSLJICo

� NiGJIMOgu
\^fPIC�4\wW QY |x

\^fHfPhJl,GvNiG4Y&N

EQX

[
EQY |x

[ρ(X, Y )]
]
− � ≥ 0

NiG!I½fghJRJOgI8nkhJn u
\wNiGpOPIMfPR.I8lrN�NPQ
λ ≥ 0

\^fH\bL!~JLJ\^NPICo���fPfPh!nyI�NiG4Y&N
EQX

[
EQY |x

[ρ(X, Y )]
]
≤ � ,

NiG!I8L
L(QY |x; λ) = I

(
QX ; QY |x

)
,
NPGJIHn6\bLJ\^nkhJn \bf�YCl,GJ\bIr]SIMdy`UTkR!\bl��(\bLJZxNPGJIHQSR!NP\bnyYCa

|gQS\^LJ\bLJZ!o
��QSLJfg\bdJIMO
LJQ�u

sup
λ≥0

min
QY |x

L(QY |x; λ).

��\bl��(\bL!Z�NPGJI�QSR!NP\bnyYCa(|gQS\^LJ\bL!Zk\bLKNiG!I½d!IM~4LJ\wNi\^QSLKQCW�û
( � )

u�I�ZSIMN
NPG4YXN
û
( � ) ≥ sup

λ≥0
min
QY |x

L(QY |x; λ).
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¹Eº8°U±b»½¼
¬ ��¾ ´U¿À¶ µ³»�¯F°U±¨² ¾ ¿·´Eº� Q�u�`(T{NiGJI
n6QSLJQCNPQSLJ\blM\^NcT{YCLJd�l8QCL(]CIr��\^NcT�R!OPQSR.I8O}Ni\bIMf)QCW$NPGJIHOiY&NiIrq�dJ\bf}NiQSO}Ni\^QSLkWFhJLJlrNi\bQCL
NiG!I8OPI�I��!\^fgNPf�fgQSnyI

λ∗ ≥ 0,
fghJl,GzNPG4YXN
WFQSO
YCa^a � ′ > � ,
û
( � ′) ≥

û
( � ) − λ∗( � ′ − � ) ,

−λ∗
\^f�Y6fPhJ`�qcZSOPYCdJ\bIMLUN�QCWHû

()
YXN � .

��QSLJfg\bdJIMO�LJQ�u
L(·, λ∗).

� IrN
QY |x

`.I�fghJl,G[NiG4Y&N
EQX

[
EQY |x

[ρ(X, Y )]
]

= � ′ > � � �HGJI8L
L(QY |x; λ

∗) ≥
û
( � ′) + λ∗( � ′ − � ) ≥

û
( � ) .

�

�HGJ\^f�RJOgQ�]SI8f�NiG4YXN�NiG!I � YCZSOPYCLJZS\bYCLpG4YCf�YyfiYXdJdJabIMR$QC\bLUN
u
GJ\bl,Gv~4OPf}Nxl8QCnyR.QSLJIML(N�\bf
NiG!I
l8QCLJdJ\^NP\bQSLJYCaxdJ\^fgNiOg\b`Jh�Ni\bQCL�u
GJ\bl,GÑu
\^NiL!I8fPfgI8fvNiGJIe]XYCabhJImQXWKû

( � )
YCLJdÑu
GJ\bl,G fPI8lMQSLJd

l8QCnyR.QSLJIML(N
\^fHNiGJI�QSRJR.QSfg\^NiI�QCW�Y�fPh!`�qcZSOPYCdJ\^I8LUN
QCW�û
()
YXN � .

�cLÑQSOPdJIMO�NiQ_l8QCnyRJh�NiI
G(λ),

u�Imu
\ba^a�dJIr~4LJI�YVWFh!LJlMNP\bQSL
F (; )

QCW�Ncu�Qùl8QSLJd!\^Ni\^QSL4YCa
RJOgQS`4YC`J\^ab\wNi\bIMf�\^L�NiGJI�WFQSa^abQ�u
\bLJZ�u�Y;T.�

F (QY |x; Q
′
Y |x)

∆
= EQX

[
D
(
QY |x‖EQX

[
Q′

Y |x

])]
+ λEQX

[
EQY |x

[ρ(X, Y )]
]

.

��Ã�Æ�ÆxÓ 
�oóÇ�o �4Ê"! ã&ç½ä�î$#�ß á QY |x % àFë4ß'&)(�â+*rà3é¨ã&â.äCê-,
Q′

Y |x 7→ F (QY |x; Q
′
Y |x)ébì/.�éÚâ4é0.�é-1&ß á è8å Q′

Y |x = QY |x,
äCâ á àFë4ß/.�éÚâ4é0.2(3. ß546(!äCêóì
L(QY |x; λ) + λ 798 .

�HGJI�RJOPQ�QCW QCW1NiGJ\^f � IMnynyY½\^f |gh!fgN�u
GJYXN�u�IxLJIMI8dtNPQ{IMfgN,YX`Jab\^fPGyNPGJI�OgI8nyYCO5��Y&N�NPGJI�IMLJd
QCWBNiGp~4OPf}N�fPI8lrNi\^QSL>o

��Å1Ä�Ä�Ø Ê���N
\^fHI8LJQChJZSGpNiQ6LJQCNi\^l8IxNPG4YXN;�

EQX

[
D
(
QY |x‖EQX

[
Q′

Y |x

])]
+ λEQX

[
EQY |x

[ρ(X, Y )]
]

= EQX

[
D
(
QY |x‖EQX

[
QY |x

])]

+ D
(
EQX

[
QY |x

]
‖EQX

[
Q′

Y |x

])
+ λEQX

[
EQY |x

[ρ(X, Y )]
]

.

� L�NiG!IsOP\^ZSGUNgq�G4YCLJd�q�fP\^dJIC��QCLJa^TVNPGJIsfgI8l8QCLJd�fPhJn6nyYCLJd�d!I8R.I8LJdJfKQCL Q′
Y |x

YXLJd�\^N6\^f
LJQSL�qcLJIMZUYXNi\w]SIX�4YCLJdvR$QCfP\^NP\^]CI�\^W

Q′
Y |x 6= QY |x. �

� ¿·´����x­E°Cµ�º��
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�o �4Ê�Ë>=@? Ä�Ò Í Í Â@ÃÑÅ Ó Í Ã!ÜiÅ�Ã�Ð�ÒBÎBÐ>Ó�ÎBÛ Ö Ä�Ø×Æ�ÕÚÙ8ÜiÙ�A�Ã�Û ÕÚØJÕÚÃ�ÐüÅBÃ�Û Ä�Î>Ü
Ù Í Å1ÒBÛ Í ÕÚÄ�ÎBA�Å$Ä ? Ó ? ÕÚÔ�Õ Í ÕÚÃ�Ù�Ý �cL6NiGJI�RJOPQ�QCW>QXW>NiGJI�dJ\bOgI8lrN�a^QSfPf}T�fPQShJOgl8IxlMQ�d!\bLJZ½�HGJI8Q&q
OPIMnz�Xu�IHhJfgI8d�NiGJI�fPI8lMQSLJd6ntYXOPZS\^L4YCa(QCW4NiG!IHQSR!Ni\^ntYXa�d!\bfgNPQSOgNP\bQSL�qcl8QCnyRJa^\�YCLUN�lMQShJRJa^\bLJZ�YXf
Y�NPQ�QSa(NiQ�ZSI8LJIMOiYXNPIHY�fgntYCa^a(l8Q�dJI8`.Q�QC�½u
\wNiGkfgntYCa^a�Y�]CI8OPYCZSI�dJ\^fgNPQSOgNP\bQSL>o���I�ny\^ZSGUN�GJY�]CI
ZSIMLJI8OPYXNiIMdsY�l8Q�dJI8`.Q�Q��thJfg\bLJZ6YCL!QCNiGJIMO
RJOPQS`JYC`J\ba^\^NcT

Q′
Y

NiQ�ZSIMLJI8OPYXNiI�NiG!I½lMQ�d!I8`.Q�Q���o
��GJIMl��pNPG4YXN
\wN�u�QChJabdvG4Y;]SI½`$IMI8LvI8LJQChJZSGpNiQ�l8QSL!fP\bd!I8O
l8Q�dJIrq�`$Q�Q��(fHQCW@fP\^�8I

2n D ′ WFQSO
log 2 ×

û ′ > D (Q‖QX ⊗ Q′
Y )u
GJIMOPI

Q
\bf�NPGJIel8QShJR!ab\bL!ZôNiG4YXNKu
\wNiLJIMfPfgI8fpNiGJIm]XYCabh!ImQCW�û

( �FE YCLJd QX

\bfp\^NPft~4OPf}N
nyYCOPZS\^L4YCa³�(NPG4YXN�\bf�NPGJI�dJ\bf}NiOg\b`Jh!NP\bQSLtQCW@NPGJI�fPQSh!OPl8IXo��HG!I½d!\HG$I8OPIMLJl8I

D (Q‖QX ⊗ Q′
Y ) −

û
( � )\bfHl8YCaba^I8d�NPGJI�OiYXNPIrqcOgI8dJh!LJd4YCLJlrTpQCWBNiGJI��(h4YCLUNi\^�8IMO{øFOiYCL!dJQSn6a^T!ú�dJIMOP\^]CI8dvWFOPQSn

Q′
Y .��Ã�Æ�ÆxÓ 
�o �!owÉ(Ê"! ã&ç½ä�î$#�ß á Q′

Y |x % àFë4ß'&)(�â+*rà3é¨ã&â.äCê-,
QY |x 7→ F (QY |x; Q

′
Y |x)ébì/.�éÚâ4é0.�é-1&ß á è8å

Q̂Y |x{y | x}
∆
=

1

Z(x)
EQX

[
Q′

Y |x{y | X}
]
× exp (−λρ(x, y))

I ë4ßrçiß
Z(x)

∆
= EQX

[
EQ′

Y |x
[exp (−ρ(x, Y ))]

]

äCâ á àÚë4ß/.�éÚâ4é0.2(J. ß546(JäCêóì
−EQX

[log Z(X)] .

��Å1Ä�Ä�Ø Ê � IrN
QY |x

d!I8LJQCNPI½YCLUTKl8QSL!dJ\^NP\bQSL4YXa1dJ\^fgNiOg\b`Jh�Ni\bQCL>��NPGJI8L

EQX

[
D
(
QY |x‖EQX

[
Q′

Y |x

])]
+ λEQX

[
EQY |x

[ρ(X, Y )]
]

= EQX


EQY |x


log

QY |x{Y | X}

EQX

[
Q′

Y |X′{Y | X ′}
]
exp (−λρ(X, Y )))






= EQX


EQY |x


log

Z(X) × QY |x{Y | X}

EQX

[
Q′

Y |X′{Y | X ′}
]
exp (−λρ(X, Y )))




− EQX

[log Z(X)]

= EQX

[
D
(
QY |x‖Q̂Y |x

)]
− EQX

[log Z(X)]

≥ −EQX
[log Z(X)] .

�cLpNiGJI�a�YXfgN
fgNiYXNiIMnyIMLUN�IM�(h4YCab\wNcT�GJQCabdJfH\wW�YXLJdzQCLJa^Tt\^W
QY |x = Q̂Y |x . �� ¿·´����x­E°Cµ�º��
	���
>° ¾�� ¹EºX±�°�­ K � ´(­ ¾ ´X±^»��������������
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ñ�Ã.ÆxÓ@Å�ò 
�o �!oóÇJÊ � QCNPI�NiG4YXNkl8QSn6RJh!NP\bLJZsNPGJIKOiY&NiIrq�dJ\bf}NiQSO}Ni\^QSL�WFhJL!lMNi\^QSLVnyY�TjYCa^fPQm`.I
]�\bIru�IMd YCfpl8QCnyRJh�Ni\bL!Z_NPGJIeny\^LJ\bn{hJn OgI8abYXNi\w]SImI8LUNPOPQSRUT×`.IMNcu�I8I8L Ncu�Q÷l8QSLU]SI�� fPIMNPf
QCW�RJOPQS`JYC`J\ba^\^NcTtdJ\bf}NiOP\^`Jh!NP\bQSLJfHQCL

X × Y.
�HG!I�~4OgfgN�fPIMN�\bf
l8QCLJfgNP\^Nih�NiI8dz`UTvNPGJQSfgIH|gQS\^LUN

dJ\^fgNiOg\b`Jh�Ni\bQCLJf u
GJ\bl,G{~JOPfgN�ntYXOPZS\^L4YCaS\^f
QX

YXLJd�u
GJ\^l,GkfiY&Ni\bf}WÚT
EQ[ρ] ≤ � � �HGJI�fPI8lMQSLJd

fPIrN�\bf�lMQSLJfgNP\^NPh!NiIMdz`UTKRJOgQ�d!hJlMN
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