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© Motivations and goals.
© Semantic subtyping.

© Subtyping Algorithms.

@ Application to a language.

e Extensions.
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Goal

The goal is to show how to take your favourite type constructors
x, —, {...}, chan(), ...
and add boolean combinators:
V, A, 2

so that they behave set-theoretically w.r.t. <

Short answer: they are convenient and you need them to program
XML in a typed language with pattern matching.
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@ Useful for typing:
match e with p1 > e1 | pp > &

- To infer the type t; of e; we need tA ] p1f  (where e: t);
- To infer the type tp of e we need tA ] p2 § A= 1 p1f;
- The type of the match is t;Vt, .

@ Useful for programming:

map catalog with
x : (Car A (—Used V Guarantee)) -> x

Select in catalog all the cars that if they are used then have a
guarantee.

© Useful for other paradigms:
a general technique to add subtyping to different paradigms:
functional (e.g. ML), concurrent (e.g. m-calculus), . ..
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@ Handling subtyping without combinators is easy:
constructors do not mix, e.g. :

s> <5 th<tb
s1—otHH<sH—b

@ With combinators is much harder:
combinators distribute over constructors, e.g.

(51V52) — t z (51 — 1.')/\(52 — t)

Instead of defining the subtyping relation so that it conforms to
the semantic of types, define the semantics of types and derive the
subtyping relation.
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@ Not a particularly new idea. Many attempts
(e.g. Aiken&Wimmers, Damm,. .., Hosoya&Pierce).

e None fully satisfactory. (no negation, or no function types,
or restrictions on unions and intersections, .. .)

e Starting point of what follows: the approach of
Hosoya&Pierce.

Instead of defining the subtyping relation so that it conforms to
the semantic of types, define the semantics of types and derive the
subtyping relation.
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2. Semantic subtyping — MPRI: Cours de sous-typage

Semantic subtyping

@ Define a set-theoretic semantics of the types:
[1: Types — 2(2)

@ Define the subtyping relation as follows:

s<t <L [s]Ct

The model of types may be independent from a model of terms

Hosoya and Pierce use the model of values:

[tly =4{v | Fv:t}
Ok because the only values of XDuce are XML documents
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Define when [ | : Types — Z(Z) yields a set-theoretic model.

e Easy for the combinators:
[t1ve] = [a]U[t]

[[tl/\tz]] = Htl]] N [[1.'2]]
[t = 2\[{]
[0] = 0
1] = 9

@ Hard for constructors:
[[tlxtg]] = [[1.'1]] X [[tg]]
[ti—mt] = 777

Think semantically!
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[t—s] = 2([1] x [s]) (%)

Accept every [ | that behaves w.r.t. C as if equation (%) held,
namely

[i—s] C [b—s] = 2([u] x [s1]) € 2([t] x [s])
and similarly for any boolean combination of arrow types.
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[hvt] = [ti] U [t2] [hAt] = [t] N [t2]

[0] =0 [1] =

[-1] = 9\[t] [combinator semantics]
@ Define E[]: Types — 2(22 + 2(%?)) as follows

Elaxt] < [a]x [&] c 2?

Ela—t] < 2(u]x[e]) € 2(2?)

[constructor semantics]
© Model: Instead of requiring [[t] = E[t], accept [ | if

[t =0 < E[t] =0
(which is equivalent to [s] C [t] < E[s] C E[t])
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Instead of [t] = E[t], the weaker [t]=0 < E[t]=0
suffices for <.

[ ] and E[ ] must have the same zeros J

We relaxed our requirement but ...

Is it possible to define [_] : Types — Z(2) that satisfies the model
conditions, in particular a [] such that [t]=0 < E[t]=0?
YES: an example within two slides
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The role of E[]

E[]] characterizes the behavior of types (for what it concerns < one
can consider [t] = E[t]): it depends on the language the types are
intended for.

Variations are possible. Our choice

E[ti—b] = 2([t] x [t])

accounts for languages that are:
© Non-deterministic:
Admits functions in which (d, di) and (d, d») with di # db.

© Non-terminating:
a function in [[t—s] may be not total on [t].E.g.

[t—0] = functions diverging on t
© Overloaded:
[(1Vi2)=(s1As2)] & [(a—s)A(2—s2)]
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© Take any “appropriate” language .Z and use <y to type it

lFge:t

Q Define a new interpretation [t], ={ve ¥ | Fgzv:t}and

s<yt = [s],, < [ty
Q If £ is “appropriate” (Fgz v:t <= /g v:~t)then[], isa
model and
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The circle is closed
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Does a model exists? (i.e. a [ ] such that [[t] =0 < E[t] = 0)
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Exhibit a model

Does a model exists? (i.e. a [ ] such that [t] =0 < E[t] = 0)
YES: take (%, ], ) where
@ 7 least solution of X = X2 + Z(X?)

Q [ ], is defined as:

[0], =0 [, =% [-tly = Z\[tly
[svtly = [sly Y [ty [sAt], = [sl, N HtﬂL
[sxtl, =1[sly x[tly [t—sly = Ze([tly % [s]4)

It is a model: Z([t],, x [s],) =92 <= 2([tl, *x[s]l,) =9
It is the best model: for any other model [ ],

h<gth = Ht<yhb
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3. Algorithms — MPRI: Cours de sous-typage

Subtyping Algorithms.
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V (CAsxIAC A =(sx) \(C A s=AC A =(s—1))

(P,N)el sxteP sxteN (P,N)ex s—teP s—teN

@ Put it in disjunctive normal form, e.g.
(a1Aa2A—a3)V(asA—as)V(—agA—ar)V(agAag)
@ Transform to have only homogeneous intersections, e.g.
((51>< t]_)/\_|(52Xt2)) V (—l(53—)t3)/\—l(54—)t4)) V (S5X t5)
© Group negative and positive atoms in the intersections:

V(A aA(A -a)

(P,N)eS acP achN
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3. Algorithms — MPRI: Cours de sous-typage

Subtyping decomposition

Some ugly formulas:

/\ tixs; < V tiXs;

i€l i€l
— VYJ C J. (/\t;< V t;> or /\S,’S V S;
il e i€l i€\
/\ ti—si < V ti—s;
i€l ieJ
= JjeJvlcCl (tjg\/t,->or I'#let J\ si<s
i€l i
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Decision procedure

Recall that:

s<t <= [s]Ntf=2 < [sA-t] =92 <= sA—t=0

@ Consider sA—t

@ Put it in canonical form

V (A sxOACA ~(sx0) (A s=AC A =(s—1))

(P,N)en sxteP sxtelN (P,N)exX s—teP s—teN

© Decide (coinductively) whether the two summands are both
empty by applying the ugly formulas of the previous slide.
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4. Language — MPRI: Cours de sous-typage

Application to a language.
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4. Language — MPRI: Cours de sous-typage

Language

er= X variable
| pfr=tiis—=t)(x). e abstraction, n > 1
| e1e application
| (ense2) pair
| mi(e) projection, i = 1,2
| (x=e€t)ler:e binding type case
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ME pfm Slj_}t”)(x)-e D s1—= AL Asp—
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MPRI: Cours de sous-typage

[Fe:s <zt
lFe:t

subsumption
(

(Vi) T, (f s>t ... Asp—ty), (x i sp) F et

— (abstr)
M pftias—t)(x).e: s;—tA ... As,—t,
(for s1 = sAt, s, = sA~it)
N-e:s MNix:si)Fe:t1 TM(x:s)Fe:th
(typecase)

r }7 (X = e e t)?el:ez : v{/‘s/;ﬁo} t,

Consider:

Mf(lnt—ﬂnt;BooI—)Bool)(X).(y —x€ Int)?(y + 1) . not(y)
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Reduction

(ufE)(x).e)v —  elx/v, (uf()(x).e)/f]
(x=vetle:e e1[x/v] if ve
(x=vEtle:e ex[x/v] ifveg

l

!

where
v o= ufC)(x).e | (vv)

And we have
s<gt <~ s<yt

The circle is closed
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4. Language — MPRI: Cours de sous-typage

Why does it work?

s<gt <= s<yt (1)

Equation (1) (actually, =) states that the language is quite rich,
since there always exists a value to separate two distinct types; i.e.
its set of values is a model of types with “enough points”
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Why does it work?

s<gt <= s<yt (1)

Equation (1) (actually, =) states that the language is quite rich,
since there always exists a value to separate two distinct types; i.e.
its set of values is a model of types with “enough points”

For any model 4,
s £ t = there exists v such that - v:sand v :t

In particular, thanks to multiple arrows in A-abstractions:

/\ Si—t; ﬁ t

i=1..k
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4. Language — MPRI: Cours de sous-typage

Advantages for the programmer

The programmer does not need to know the gory details. All s/he
needs to retain is
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4. Language — MPRI: Cours de sous-typage

Advantages for the programmer

The programmer does not need to know the gory details. All s/he
needs to retain is

@ Types are the set of values of that type
@ Subtyping is set inclusion

Furthermore the property
s £ t = there exists v such that Fv:sand /v :t
is fundamental for meaningful error messages:

Exibit the v at issue rather than pointing to the failure of some
deduction rule. J

G. Castagna An Introduction to Semantic Subtyping 25/32



5. Extensions MPRI: Cours de sous-typage

Extensions.
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5. Extensions MPRI: Cours de sous-typage
ref types

[reft] = {refv | v e [t]}
In practice equivalent to

Efref t] = { {Iy i [d # 2 2)

o} otherwise

Deduce the subtyping relation

drefse€ P, s~0,or
/\ ref s) V reft) <= Jrefs € P, Jdrefs, € P,s; # s, o0r
ref s€P ref teN drefse P, drefte N, s~t
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lazy types

If we define t = Intxt then t ~ 0.
Use s = Intx1lazys.
(F07=3) (x). (x Lazy (F(x +1))))0
[lazy t] = {lazye | eisclosed and e : t}

But each lazy e is identified by all the possible results it can
return, namely {v | e —* v}, from which we deduce:
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lazy types

If we define t = Intxt then t ~ 0.
Use s = Intx1lazys.
(F07=3) (x). (x Lazy (F(x +1))))0
[lazy t] = {lazye | eisclosed and e : t}
But each lazy e is identified by all the possible results it can
return, namely {v | e —* v}, from which we deduce:

Ef1azy t] = 2([t])

Deduce the subtyping relation

(Alazy seP lazy S) < (Vlazy teN lazy t) <
Jazyt € N: VP C P(Nuyy seps) < t
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5. Extensions MPRI: Cours de sous-typage
Summarizing

[0] = 0; [1] = 2;
[[tlth]] = [[tl]] U [[tz]];
[tiAt] = [t] N [t];
[-t] = 2\[t]:

[th=0 < E[t] =0
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5. Extensions MPRI: Cours de sous-typage
Summarizing

[o] =0; [1] = 2;
[[tlth]] = [[tl]] U [[tz]];
[tiAt] = [t] N [t];
[~t] = 2\[1];
[th=0 < E[t] =0
where the extensional interpretation associated to [ | is defined as:

E[t—s] 2([t] * [s])
E[txs] = [t] x [s]

Eflazyt] = 2([t])
E[reft] = { {[e1} if[t] #o

o otherwise
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MPRI: Cours de sous-typage

Conclusion
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If you have a strong semantic intuition of your favorite language
and you want to add set-theoretic V, A, — types then:
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@ Define E[ | for your type constructors so that it matches your
semantic intuition

@ Find a model (any model). [may be not easy/possible]

© Use the subtyping relation induced by the model to type your
language: if the intuition was right then the set of values is
also a model, otherwise tweak it. [may be not easy/possible]

© Use the set-theoretic properties of the model (actually of
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MPRI: Cours de sous-typage

La morale de |'histoire est ...

If you have a strong semantic intuition of your favorite language
and you want to add set-theoretic V, A, — types then:

@ Define E[ | for your type constructors so that it matches your
semantic intuition
@ Find a model (any model).

© Use the subtyping relation induced by the model to type your
language: if the intuition was right then the set of values is
also a model, otherwise tweak it.

© Use the set-theoretic properties of the model (actually of
E[ ]) to decompose the emptyness test for your type
constructors, and hence derive a subtyping algorithm.

© Enjoy.
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MPRI: Cours de sous-typage
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t = int V (ref(int) A ref(t))
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MPRI: Cours de sous-typage

Addendum 1: a model may not exist

t = int V (ref(int) A ref(t))

Is t equal to int? )

t=int <= (ref(int)Aref(t))=0 <= t#int
but also

t#int <= (ref(int) Aref(t))# @ <= t=int

G. Castagna An Introduction to Semantic Subtyping 33/32



MPRI: Cours de sous-typage

Addendum 2: the real abstr typing rule

t

(Aiz1ns—=ti\(Vjz1 ms—t) £0
wiy [ (F:t),(x:s)Fe:t

(abstr)
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MPRI: Cours de sous-typage

Addendum 3: A different definition for E[ |

Note that according to the previous E[ ]:

s—t<1-1 (3)
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Note that according to the previous E[ ]:
s—t<1—-1 (3)

Every application is well typed. Add a distinguished 2 to denote a
runtime type error, modify

E[t—s] = {f C 2x(2U{Q}) |V(di, db) € f. ch € [t] = do € [s] }

(3) no longer holds since the constant map —s — €, is in the left
hand type but not in the right one.

Nic/(timsi) <Vje,(tji—s) <

i<V ti A
Jjed e
J {Vl’ CL(t<Viert)V(Niepnysi <sj)
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