Cours Géo. Disc. Algo. (MPRI) M. Pocchiola Mars 2006

arrangements de droites

Michel Pocchiola (Ens-Paris)

Paris Mars 2006

Cours Géo. Disc. Algo. (MPRI) M. Pocchiola Mars 2006

plan

– Dualité point-droite – Arrangements de droites – Théorème de la zone – Balayage d’un arrangement de droites – Terminologie : complexes cellulaires, ensembles partiellement ordonnés

Cours Géo. Disc. Algo. (MPRI) M. Pocchiola Mars 2006

spaces of lines – support functions

PSfrag replacements

1. Let ι : R^2 → R^2 be the map that assigns to the pair (θ, u) the pair (θ + π, −u).

2. The space of directed lines is denoted D and is homeomorphic the quotient of R^2 under the equivalence relation x ∼ ι^2(x) via the map that assigns to (θ, u) the line with equation ⟨x, exp(ı(θ + π/2))⟩ = u and direction exp(ıθ). The space of (undirected) lines is denoted M and is homeomorphic to the quotient of R^2 under the equivalence relation x ∼ ι(x) via the map that assigns to (θ, u) the line with equation ⟨x, exp(ı(θ + π/2))⟩ = u.

3. The support function of X ⊆ R^2 is the map λ_X : θ ∈ R → inf_{x∈X} ⟨x, ı exp(ıθ)⟩ ∈ R and the lines (θ, λ_X (θ)) are called the supporting lines of X

Cours Géo. Disc. Algo. (MPRI) M. Pocchiola Mars 2006

dual d’un point

PSfrag replacements

1. Le dual d’un point est l’ensemble des droites passant par ce point. 2. The support function of the point M(x, y) is the map u_M : θ ∈ R → −x sin θ + y cos θ ∈ R 3. If we restrict our attention to the directions in the interval (−π/2, +π/2) we might prefer the parametrization : t ∈ R → z_M (arctan t) cos arctan(t)

= −xt + y ∈ R

Cours Géo. Disc. Algo. (MPRI) M. Pocchiola Mars 2006

the zone or horizon theorem

PSfrag replacements

Theorem 1 (CGL85). The number of vertices, edges and faces incident to the faces of an arrangement of n lines cut by a n + 1-th line is a O(n).

Cours Géo. Disc. Algo. (MPRI) M. Pocchiola Mars 2006

balayage d’un arrangement de droites

PSfrag replacements

Figure 1: The restriction to the domain [0, 3π] × R of the arrangement of the z_c’s for four points : each curve z_c is stretched and bended so that it stays roughly parallel to the equator of the space of lines.

1. {p_i} une collection de n points en position générale;

2. θ ∈ R → z_i(θ) = ⟨p_i, exp(ı(θ + π/2))⟩ ∈ R; z_i(θ + π) = −z_i(θ); 3. X_0, X_1, X_2 the sets of 0-, 1-, and 2-cells of the arrangement of the z_i’s; incidence relations;

source and sink of a 1- or 2-cell; left and right boundaries of a 2-cell; partial order ≺ defined by the covering relations

sour(σ) ≺ σ ≺ sink(σ), σ ∈ X_1 ∪ X_2. (1)

Cours Géo. Disc. Algo. (MPRI) M. Pocchiola Mars 2006

counterclockwise operators

PSfrag replacements

Figure 2: 0-cusp and 1-cusp arcs.

1. The ccr and ccl operators; 2. 0-cusp and 1-cusp edges;

Cours Géo. Disc. Algo. (MPRI) M. Pocchiola Mars 2006

computing the right boundary of a face

Here is an algorithm to compute the right boundary of the face σ whose source is b. TO BE CHECKED

1 push(b); b_2 ← ccr(b);

2 if (b, b_2) 0-cusp then goto 6 4 do {

push (b_2);

(b_1, b_2) ← (b_2, ccl(b_2)); } while (b_1, b_2) 0-cusp 6 push(b_2); /*b_2 is the sink of σ */

exit;

Cours Géo. Disc. Algo. (MPRI) M. Pocchiola Mars 2006

filters and maximal antichains (cuts)

PSfrag replacements

Figure 3: A filter and its associated (maximal) antichain.

1. proper filter of (X_0, ≺) I ←→ S(I) = E(I) ∪ F(I) maximal antichain of (X_{≥1}, ≺) 2. linear structure ^0e_1σ_1e_2σ_2 . . . e_n^1 on S(I) induced by the incidence relations on X; 3. For e ∈ X_1 one has sink(e) = sink(e_r) or sink(e_l);

4. Let σ ∈ F(I). sink(σ) is minimal in I iff. sink(σ) = sink(σ^+) = sink(σ^−) iff. sink(σ^+) = sink(σ^−)

Cours Géo. Disc. Algo. (MPRI) M. Pocchiola Mars 2006

horizon operators

PSfrag replacements

1. For e ∈ X_1 supported by z_i we define φ_f(e) as the minimal vertex v ≻ e leaving p_i; 2. For e ∈ X_1 supported by z_i we define φ_b(e) as the minimal vertex v ≻ e entering p_i; 3. sink(e) = min_≺{φ_f(e), φ_b(e)};

Cours Géo. Disc. Algo. (MPRI) M. Pocchiola Mars 2006

horizon trees

Theorem 2 (Rephrasing of EG89). Let I be a filter of X_0 and let E = e_1e_2 . . . e_n be its associated edge-cut where e_i is supported by the dual curve of the point q_i. For i ≠ n let u(q_i) be the point that φ_f(e_i) enters and for i ≠ 1 let l(q_i) be the point that φ_b(e_i) leaves. Then 1. q_{i+1} and q_n are vertices of the convex hull C_{i+1} of the points q_{i+1}, . . . , q_n (i ≥ 0); 2. q_i /∈ C_{i+1} and the vertex q_{i+1} of C_{i+1} is “visible” from q_i, i.e. C_{i+1} ∩ [q_iq_{i+1}] = {q_{i+1}}; 3. The sequence q_{i+1}, u(q_{i+1}), u^2(q_{i+1}), . . . is finite, its last term is q_n, and coincides with the sequence of vertices of C_{i+1} lying between q_{i+1} and q_n for the counterclockwise orientation of the boundary of C_{i+1}; in particular {(q_k, u(q_k))}_{k≠n} is a plane tree whose root is q_n;

4. u(q_i) is the first element z of the sequence z^′ = q_{i+1}, u(z^′), u^2(z^′), . . . , q_n such that q_i, z, u(z) is counterclockwise.

5. A similar result holds for the operator l.

Cours Géo. Disc. Algo. (MPRI) M. Pocchiola Mars 2006

horizon trees

PSfrag replacements

Figure 4: Blabla.

Cours Géo. Disc. Algo. (MPRI) M. Pocchiola Mars 2006

horizon trees

PSfrag replacements

Cours Géo. Disc. Algo. (MPRI) M. Pocchiola Mars 2006

complexity analysis

PSfrag replacements

Theorem 3. The number of 4-uplets xyzt of points of a set P of n points in general position such that (1-) x, y, z, t are in convex position and appear in this order when traversing clockwise their convex hull, and (2-) no point of P lies in the intersection of the right half-plane of the line going from x to y and the right half-plane of the line going from z to t, is a O(n^2).

Cours Géo. Disc. Algo. (MPRI) M. Pocchiola Mars 2006

proof

PSfrag replacements

Cours Géo. Disc. Algo. (MPRI) M. Pocchiola Mars 2006

bibliographie

[1] B. Chazelle, L.J. Guibas and D.T. Lee. The power of geometric duality. BIT , 25:76–96, 1985. [2] H. Edelsbrunner and L. J. Guibas. Topologically sweeping an arrangement. J. Comput. Syst.

Sci., 38:165–194, 1989. Corrigendum in 42 (1991), 249–251.

[3] M. Pocchiola. – Sweeping visibility complexes via horizon trees. – 2005. En préparation. [4] Richard P. Stanley. Enumerative Combinatorics, volume 1. Wadsworth & Brooks/Cole, 1986. [5] Peter McMullen. Modern developments in regular polytopes. In T. Bisztriczky, P. McMullen, R. Schneider, and A. Ivić Weiss, editors, Polytopes: Abstract, Convex and Computational, volume 440 of NATO ASI Series, pages 97–124. Kluwer Academic Publishers, 1994.